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1. Introduction 



In recent years there has been a great deal of progress on the so-called (Tfc-Yamabe 
problem. In [CF] , Alice Chang and Hao Fang have suggested that a variant of this 
problem might also be fruitful to study. The main goal of this paper is to investigate 
the algebraic structure under conformal transformation of the renormalized volume 
coefficients, the curvature quantites considered by Chang-Fang. A key ingredient 
in the investigation is the introduction of "extended obstruction tensors", which 
are anticipated to be of independent interest. These are natural tensors associated 
to a pseudo-Riemannian metric g which turn out to be building blocks for the 
expansion of the ambient or Poincare metric determined by g and thus also for the 
renormalized volume coefficients. 

The (Tfc-Yamabe problem was introduced by Jeff Viaclovsky in [V] . Let 

1 / R 

denote the Schouten tensor of a metric g on a. manifold M of dimension n > 3, 
and let g~^P denote the endomorphism P^j obtained by raising an index. For 
1 < k < the Cfc-Yamabe problem is to find a metric in a given conformal 
class for which ak{g^^P) is constant, where ak{A) denotes the k-th elementary 
symmetric function of the eigenvalues of an endomorphism A. We set = for 
k > n. For k = 1, ai{g~^P) is a multiple of the scalar curvature of g, so this is 
the Yamabe problem. For 2 < k < n, ak{g~^P) is a second order fully nonlinear 
operator in the conformal factor. 

Variational methods have played an important role in the study of this problem. 
In dimensions n > 2, the Yamabe equation i? = c is the Euler-Lagrange equation 
for the total scalar curvature functional R dvg under conformal variations sub- 
ject to the constraint Volg(M) = 1. Of course, this fails when n = 2 because of the 
Gauss-Bonnet Theorem. For k = 2 the analogous special dimension is n = 4. In 
this dimension, the total a2 curvature jj^,^a2{g~^P) dvg is a conformal invariant. If 
n 7^ 4, the natural generalization of the variational characterization of the Yamabe 
equation holds: the equation a2{g~^P) = c is the Euler-Lagrange equation for the 
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functional j^^a2{g ^P)dvg under conformal variations subject to the constraint 
Vol,(M) = 1. 

Both of these properties fail for general metrics when ?> < k < n. The spe- 
cial dimension is now n = 2k. But it is no longer true that J^^^ (7k{g~^P) dvg is a 
conformal invariant in dimension 2k. Nor is it true for n ^ 2k that the equation 
Ckig^^P) = c is the constrainted Euler-Lagrange equation for the total ak func- 
tional. Viaclovsky did show that both properties hold if g is locally conformally 
flat. But Branson and Gover proved in [BG] that if 3 < k < n and g is not lo- 
cally conformally fiat, then the equation ak{g~^P) = c is not the Euler-Lagrange 
equation of any functional. 

The renormalized volume coefficients of g, denoted here by Vk{g), arose in the 
late '90's in the physics literature in the context of the AdS/CFT correspondence. 
A mathematical discussion is contained in They are defined in terms of the 
expansion of the ambient or Poincare metric associated to g in the sense of jFGl] . 
One searches for a smooth 1-parameter family of metrics on M so that Hq = g 
and so that the metric 

dr"^ + hr 

(1-1) 9+ = -2 

on M X (0, e) is an asymptotic solution to Ric((7+) = —ng^ at r = 0. This together 
with the condition that hr be even in r uniquely determines hr to infinite order 
if n is odd, however only to order if is even, at which point there is a formal 
obstruction to finding a solution to the next order. The trace part of the Taylor 
coefficient at order n is determined but the determination of the trace-free part 
is obstructed by a trace-free symmetric 2-tensor called the ambient obstruction 
tensor. 

Since hr is even in r, it is natural to introduce a new variable p = —\r'^ and 
set gp = hr. The ambient metric coefficients are the determined Taylor coefficients 
d^gp\p=Q. These are given locally in terms of the initial metric go = g; each of them 
can be written as a polynomial natural tensor expressible in terms of the curvature 
tensor of g and its covariant derivatives. The renormalized volume coefficients are 
defined by the expansion of the volume form: 

If n is odd, Vk{g) is defined for all A; > 1. If n is even, Vk{g) is defined only 
for k < n/2 for general g, although Vk{g) is defined for all A; > 1 also in even 
dimensions if g is Einstein or locally conformally flat. A more detailed discussion 
is contained in ^ 

The insight of Chang- Fang is to consider the Vk{g) in the context of the properties 
satisfled by the ak{g~^P). Just comparing the formulae for these quantities shows 
that Vk{g) = ak{g~^P) if A; = 1 or 2. In [GJJ it is shown that this holds also for > 3 
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if g is locally conformally flat. Moreover, Vk{g) always satisfies the two properties 
discussed above which failed for ak{g~^P) for 3 < k < n for general metrics. One of 
the first important properties established of the Vk was that in dimension n = 2k, 
J]^Vk{g) dvg is a conformal invariant for general metrics (a proof is given in [G]). 
And the new result of Chang-Fang is that the variational characterization holds 
for Vk{g): for n ^ 2k, the equation Vk{g) = c is the Euler- Lagrange equation for 
the functional Jj^j Vk{g) dvg under conformal variations subject to the constraint 
Volc,(M) = 1. This collection of facts suggests a strong parallel between the Vk{g) 
and the ak{g~^P), and even that from some points of view the Vk{g) have better 
properties. 

However, study of the Vk{g) involves significant challenges not shared by the 
ak{g~^P)- Firstly, for A; > 3, Vk{g) depends on derivatives of the curvature of 
g. In fact, for k > 2, Vk{g) depends on derivatives of curvature of order up to 
2k — 4. Secondly, the Vk{g) are defined via an indirect, highly nonlinear, inductive 
algorithm: first one solves the Einstein equation formally to determine gp and then 
expands its volume form to obtain Vk{g)- They are algebraically complicated and 
no explicit formula is known for general k. 

A formula for ^3 was given in }GJ] : it is not difficult to carry out the algorithm 
explicitly by hand to this order. The result is: 

(1-3) vM = asig-'P) + ^^^^P^^i?.,, 

where Bij denotes the Bach tensor oi g. It is well-known that under conformal 
change ^ = e'^'^g, the transformation law of the Bach tensor involves just first 
derivatives of the conformal factor. Thus an immediate consequence of (11.31) and 
the conformal tranformation law 

(1.4) Pij = Pij - LOij + LOiUJj - \uJk^^gij 

of the Schouten tensor is the fact that the transformation law of f 3 involves at most 
second order derivatives of uj. Thus for a fixed metric g, the equation v^ie^^ g^ = c 
is second order in u. It is this equation that Chang-Fang propose to study by 
analogy with the cifc-Yamabe problem. 

In this paper, it is proved that the conformal transformation law involves at 
most second order derivatives of u for all the Vk, as well as for all the ambient 
metric coefficients. 

Theorem 1.1. Under conformal change 'g = e^^g, the conformal transformation 
laws of the dpgp\p=Q and the Vk involve at most second derivatives ofuj. Ifnis odd, 
this is true for all k. If n is even, it is true for dpgij\p=o for 1 < k < n/2 — 1, and 
for g^^dp^'^gij\p=o and Vk for 1 < k < n/2. 

We give two different proofs of Theorem 11.11 each of which yields further in- 
formation. The first proof proceeds by establishing that each of the determined 
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ambient metric coefficients dpgij\p=Q can be written in terms of simpler building 
blocks, each of which has a conformal transformation law involving at most sec- 
ond derivatives of u. The building blocks consist of the Schouten tensor and a 
family of trace-free symmetric natural 2-tensors which we call the extended 

obstruction tensors. The fij^ are defined for all > 1 if n is odd, but only for 
1 < k < n/2 — 2 if n is even. The name derives from the fact that when the 
dimension is viewed as a formal parameter, has a simple pole at dimension 
n = 2k + 2 whose residue is a multiple of the obstruction tensor in that dimension. 
For example, 

1 

A-n 

and the obstruction tensor in dimension 4 is the Bach tensor Bij. The result as- 
serting that the ambient metric coefficients can be written in terms of the building 
blocks is the following. 

Theorem 1.2. Let k > 1. There is a linear combination Q^j^ (P, Q^^\ . . . , Q^^^^^^ 
of partial contractions with respect to g^^ of the Schouten tensor P and the Vl'^^\ 
1 < I < k — 1, such that the coefficients ofQ^j^ are independent ofn, and such that 
the ambient metric coefficients in dimension n are given by: 

(1.6) 5j^7.,|p=o = ^if 

for allk>lifn is odd and fori < k < n/2~l ifnis even. Additionally, ifk > 2, 
there is a linear combination T^'^^ (P, . . . , fi^*^"^)) of complete contractions of 
the indicated tensors whose coefficients are independent of n, such that in even 
dimension n, one has 

(1.7) 9''d;/'g,,\p=, = r^-i"-^ (p, . . . , . 

A corollary is the analogous result for the renormalized volume coefficients. 

Corollary 1.3. Let k > 1. There is a linear combination Vk (P, . . . , fi^'^"^^) 
of complete contractions with respect to g~^ of the Schouten tensor P and the Vt^^\ 
1 < I < k — 2, such that the coefficients ofVk are independent ofn, and such that 
the renormalized volume coefficients in dimension n are given by 

Vk{g) = Vk{p,n('\...,n^'~'^), 

for all k > 1 if n is odd and for 1 < k < n/2 if n is even. 

For example, (II. 3p and (11. 5p give 

vs{g)=a,{g-'P)-lP^^n^\ 
The proof of Theorem 1 1 . 2 1 gives a fairly simple, direct algorithm for the inductive 

(k) 

determination of the Q^j which is independent of the formal solution of the Einstein 
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equation. It is easy to carry this out to exhibit Q^j for small k; we give the result 
for k < 5. The more significant algebraic complexity occurs in the expressions for 

(k) 

the in terms of the curvature of g, for which solution of the Einstein equation 
is required and in which the dimension enters explicitly. 

The extended obstruction tensors are part of the theory of conformal curva- 
ture tensors developed in §6 of [FG2j : they are particular instances of conformal 
curvature tensors. In particular, each of them has the property shared by all 
conformal curvature tensors that its conformal transformation law can be written 
explicitly in terms of other conformal curvature tensors and first derivatives of the 
conformal factor. Thus Theorem 11.11 follows immediately from Theorem 11.21 and 
Corollary 11.31 Moreover, this shows that the only way second derivative terms in 
LV can arise in the conformal transformation law of Vk{g) is from occurrences in Vk 
of the Schouten tensor. 

A closer analysis of the conformal transformation law of the ^ and of the form 
of the Vk gives the following result describing the structure of Vk{e^'^g) as a second 
order fully nonlinear operator. 

Theorem 1.4. Let k > 1 and suppose k < n/2 if n is even. Then 

fc-2 
m=0 

where rk^m{x,Vuj,P) is a polynomial in {uji, Pij) which is homogeneous of degree 
m in P, of degree <2k — 2m — 2 in Vuj, and with coefficients depending on g. 

Here P is the conformally transformed Schouten tensor given by (11. 4p . 

Theorem 11.41 shows that ak{g~^P) can be viewed as the leading term in Vki'g) 
from two points of view (at least ior k < n so that cjfc 7^ 0). First, it has the 
highest homogeneity degree in P, which contains all the second derivative terms. 
Second, it contains all the terms with the highest total number of derivatives of 
uj. By this we mean that we expand e^^'^Vkijf) as a polynomial in tUi, Uij and add 
up the total number derivatives on uj in each monomial. For example, in (II. 4p . 
each of the terms ujij, uoiujj and uok^^ has a total of 2 derivatives of uj. Thus 
ak{g^^P) contains terms with 2k derivatives of u. Theorem 11.41 implies that each 
term in each rk^m{x, Vu, P) involves at most 2k — 2 derivatives of u. It is tempting 
to speculate that requiring these two properties gives a reasonable definition of a 
"principal part" of a second order fully nonlinear operator depending polynomially 
on the derivatives. 

The second proof of Theorem 11.11 proceeds via a study of the linearization of 
Vki^^^g) as a function of tu, i.e. of the linearized conformal transformation law 
of Vk{g). The main ingredient is a formula for the conformal variation of the 1- 
parameter family hj. of metrics on M which arise when a given asymptotically 
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hyperbolic metric is written in the form (11. ip . If one chooses a conformally 
related boundary metric Tj = e^^g, then up to a diffeomorphism of M x [0, e), ^f^. 
can be written in the form (II. ip with a different 1-parameter family satisfying 
ho = 'g. It is possible to solve explicitly for the infinitesimal diffeomorphism in 
terms of u and then for the infinitesimal conformal variation of hr. Letting S denote 
infinitesimal conformal variation, the result when written in terms of gp = hr 
defined as above is the following: (it is convenient to use also the notation gij{p) 
or simply gij for g^) 

(1.8) {6g)ij = 2u{l - pdp)gij + 2V(,y,) 

with 



1.9) Y\p) = - / g'^iu) du d.uj, Y,{p) = gMy\p)- 







Here Vj denotes the covariant derivative with respect to gp with p fixed. An easy 
consequence of this is a formula for the infinitesimal conformal variation of the 
Vk{g). Set 

Theorem 1.5. Let k > 1 and k < n/2 if n is even. The infinitesimal conformal 
variation of is given by: 

(1.11) 6vk = -2kujVk + Vi (^;i)V,cu) , 

where 

(1-12) = -l^J Up) fgHu)dv\ I =-j2WA~"9%=.. 

\ Jo / P 1=1 ' 

In (11. lip . Vj denotes the covariant derivative with respect to the initial metric 
9 = 90- 

The infinitesimal transformation laws (II. 8p and (11.111) clearly involve derivatives 
of uj of order at most 2. The second proof of Theorem 11.11 proceeds by arguing 
that if the infinitesimal conformal transformation law of a natural tensor involves 
at most m derivatives of u for some m > 0, then the same is true of the full 
transformation law. This is the content of Proposition 13.61 

The Chang- Fang variational characterization of the equations Vk{g) = c as Euler- 
Lagrange equations ii n ^ 2k is an easy consequence of (11.110 . The main point 
is that the second term on the right hand side of (II. lip is a divergence, which 
integrates to zero. Thus the only contribution to the Euler-Lagrange equation is the 
scaling contribution given by the first term, so that the Euler-Lagrange equation 
is Vk{g) = c. The proof of Chang- Fang is also based on using the diffeomorphism 
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invariance of (?+ under conformal change of g to generate a divergence term; these 
amount to different versions of the same proof. But by working directly with 
metrics in the normal form (11. ip . it is possible to give explicit formulae for the 
divergence terms, among other things making it clear that these terms depend on 
no more than second derivatives of u. The approach to the linearization formulae 
used here is the same as in |ISTYj . where the formulae f 1 1.8 1) and fll.lll) already 
appear. 

Formula (11. lip can be interpreted as identifying the linearization at = of 
the second order fully nonlinear operator Vkie^^g) with g fixed. In particular, the 
linearization is exhibited in divergence form modulo the zeroth order scaling term, 
and its principal part is V^j^-^VfjUJ . This may be useful in determining ellipticity 
of Vk{e'^'^g) = c. However, although all of these linearization formulae are explicit, 
they are written in terms of the coefficients in the ambient metric and renormalized 
volume expansions, and therefore are difficult to understand directly in terms of 
geometry of g. Additionally, they involve more and more derivatives oi g as k 
increases. 

The results obtained in this paper support and extend the suggestion of Chang- 
Fang that the Vk{g) are worthy of further study. However, significant algebraic 
complications remain and the geometric content of the equations Vk{e^'^g) = c is 
unclear, particularly for large k. Perhaps it would be reasonable to try to extend 
directly the analytic theory of the equations to elliptic fully nonlinear equations 
allowing "lower order terms" with structure as in Theorem 11.41 

2. Extended Obstruction Tensors 

We begin this section by recalling the Poincare metric expansion and the defini- 
tion of the renormalized volume coefficients. These are then reformulated in terms 
of the expansion of the ambient metric. After reviewing the theory of conformal 
curvature tensors from |FG2] . we define the extended obstruction tensors as cer- 
tain specific conformal curvature tensors. We establish the basic properties of the 
extended obstruction tensors. Then we prove Theorems 11.21 and 11.41 The section 
is concluded by giving some explicit formulae for small k. 

First recall the Poincare metric expansion and the definition of the renormalized 
volume coefficients Vk- References for this material are [G], [GHJ , and [FG2j . Let 
5f be a metric of signature {p, q) on a manifold M of dimension n > 3. There are 
versions of most of the statements in dimension 2, but this case is anomalous and 
our main interest is in higher dimensions, so for simplicity we assume n > 3. If n 
is odd, there is a smooth 1-parameter family hr, < r < 1, of metrics on M such 
that ho = g and such that the metric g+ = {dr"^ + h^) of signature {p + 1, q) 
on M X (0, 1) satisfies that Ric((7_|_) + ngj^ vanishes to infinite order at r = 0. The 
Taylor expansion in r of /i^ at r = can be chosen to be even in r, in which case 
it is uniquely determined. 
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For n > A even, the corresponding statement holds only to a finite order. We 
say that a tensor is 0{r^) if all of its components relative to a frame smooth up 
to r = are 0(r™). We use lower case Latin indices to label objects on M. When 
n is even, can be chosen so that its Taylor expansion is even in r and such that 

Ric{g+) + ng^ = 0(r"-2), h'^ (Ric((7+) + ng^)^^ = 0(r"). 

In the second equation, (Ric((y'+) + ng+)-j denotes the component with both in- 
dices in the M factor. In calculating the trace, h^^ can be taken to be either 
{hoY^ = g^^ or [hrY^ . These conditions uniquely determine hr mod 0(r") and 
also tr^ hr mod ©(r""*"^). For n > 4 even, there is a conformally invariant trace- 
free, divergence-free natural tensor Oij, the ambient obstruction tensor, which 
obstructs the existence of a formal power series solution for g^ to the next order. 
Oij depends on derivatives of g of order up to n. When n = 4, Oij is the classical 
Bach tensor. 

The passage from g to g^ is conformally invariant in the sense that if ^ = e^'^g 
with u G C°°(M), and hr denotes the expansion determined by ^, then the metrics 
g+ and ^+ = (^dr^ + h^ are isometric by a diffeomorphism restricting to the 

identity on M x {0}, to infinite order if n is odd, and up to a term which is ©(r""^) 
and the trace of whose tangential component is 0{r"') if n is even. 

There are two special families of conformal structures in even dimensions for 
which the obstruction tensor vanishes and for which it is possible to uniquely 
determine the expansion of the Poincare metric to infinite order in a conformally 
invariant way. These are the locally conformally fiat structures and the conformal 
classes containing an Einstein metric. In these cases, the normalized expansion 
can be written explicitly and terminates at order four: for all n > 3, one has 

(2.1) {hr)ij = g,j - PijT^ + iP.fcPjV 

if g is Einstein or locally conformally fiat. See [SSj and §7 of |FG2j . 



The volume form of (7+ is 



dvg^ = r " ^dvh^dr = r '"■ ^ (^ det h ) ^''^a^^- 
The renormalized volume coefficients are defined by the Taylor expansion: 



det hr 



1/2 



det/io, , , 

' fe=i 



Thus Vk is uniquely determined hy g = ho for all > 1 if n is odd, and for 
l<fc<r;,/2ifnis even. As will be discussed in more detail below, vi and V2 are 
given by 

Vl = J, V2 = \ (J' - P^,P'') , 
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where J = R/2{n — 1) = Pj*. If g is Einstein or locally conformally flat, then the 
Vk are determined by g for all k for both n even and odd. Proposition 1 of |GJ] 
uses (12. ip to show that Vk{g) = ak{g~^P) for all k > 1 if g is locally conformally 
fiat. The same argument shows that this also holds if g is Einstein. In particular, 
Vk{g) is constant for Einstein metrics. 

The evenness of the Poincare metric in r suggests to introduce as a new 
variable. Set p = — and gp = hy.. Then the volume expansion (12. 2p becomes 

The 1-parameter family gp can be characterized directly in terms of the expan- 
sion of the ambient metric Tj associated to g, which is equivalent to the expan- 
sion of the Poincare metric (7+. Define 5^, a metric of signature (p + l,g + 1) on 
M+ X M X (-1/2,0] 3 {t,x,p), by 

(2.3) g = 2tdtdp + 2pdt^ + t^gp. 

The condition Hieing j^}j+ngj^ = is equivalent to ^ic(g) = 0. Thus the expansion of 
gp can be thought of as arising from formally solving Ric(5') = to the appropriate 
order rather than Ric((y'+) + 72(7+ = 0. An advantage of considering g is that g is 
smooth near p = 0, whereas g^ is singular at r = 0. As we will see, this makes it 
easier to pass objects constructed out of g back to M. 

For each A; > 1 satisfying also < n/2 if n is even, the Taylor coefficient dpgp\p=o 
is given by a polynomial natural tensor depending on the initial metric g. For n 

even, the trace g''^ ^f^p^^5'jj|p=o^ at order r;,/2 is also a natural scalar invariant of g. 
It is possible to directly compute the beginning coefficients. For example, letting 
' = dp and suppressing the p in gp, (3.6) and (3.18) of |FG2j show that one has at 
p = 0: 

(2.4) g[^ = 2P,„ g':^ = -^B,, + 2P>P,„ 
where 

ID p k p k p^hA/ 

^ij -l^ijik -l^ikij kijl 

is the Bach tensor. Here Wijki denotes the Weyl tensor. 

The last part of §6 of |FG2j considers a family of trace-free symmetric natural 
2-tensors depending on a metric g. Here we call these the extended obstruction 
tensors. They have the feature that their transformation laws under conformal 
change are explicit and relatively simple. The first extended obstruction tensor is 
(4 — n)~^Bij, which we denote by ^[f ■ Its well-known transformation law under 
conformal change ^ = e'^'^g is: 

(2.5) e^'^Q^f = fiSj) - 2u'C^,,)k + oo^'JWk.ju 
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where Cijk = Pij^k — Pikj is the Cotton tensor. Equation (12 .41) shows that gij\p=o 
can be expressed in terms of fi^^j^ by: 



(2.6) y'!^\,=o = ^+P^'Pkr 

The definition and basic properties of the extended obstruction tensors are part of 
the theory of conformal curvature tensors developed in §6 of |FG2j . We summarize 
the relevant considerations and refer to |FG2j for details. 

Consider the curvature tensor and its coyariant derivatives fo£ an ambient metric 
( 12. 3p . We denote its curvature tensor by R, with components Rijkl- Here capital 
Latin indices are used for objects on ]R_|_ x M x M 9 (t,x,p), and we use '0' for 
the M+ factor {t component), lower case Latin indices for the M factor, and 'oo' 
for the M factor (p component). For r > 0, the r-th covariant derivative V-R 
of the curvature tensor of g will be denoted with components R^ijkl ivh--Mr- 
Sometimes the superscript '^''^ is omitted when the list of indices makes clear the 
value of r. 

The conformal curvature tensors are tensors on M obtained from from the co- 
variant derivatives of curvature of as follows. Choose an order r > of covariant 
differentiation. Divide the set of symbols IJKLMi ■ ■ ■ into three disjoint sub- 
sets labeled Sq, Sm and Soo- Set the indices in So equal to 0, those in Soo equal 
to oo, and let those in Sm correspond to M in the decomposition R_(_ x M x R. 
Evaluate the resulting component Rijkl, Mi --Mr at p = and t = 1. This defines 
a tensor on M, sometimes denoted by R^oSm 5oc' ^^ose rank is the cardinality of 
the set Sm- In local coordinates, the indices in Sm vary between 1 and n. 

The simplest case is r = 0. The curvature tensor R oi'g satisfies Rijko = 0, so 
we must choose iSq = in order to get a nonzero component. Up to reordering the 
indices, there are only three possible nonzero choices (see (6.2) of |FG2j ): 



(2.7) R^jf^i\p^Qf.^i — Wijki, Roojki\p=o,t=i — Cjki R, 



B.. 



ooijoo \p=0, t=l 



4 - n 



Thus the conformal curvature tensors which arise for r = are precisely the Weyl, 
Cotton, and Bach tensors of g, except that when n = 4, the Bach tensor arises as 
the obstruction tensor rather than as a conformal curvature tensor. 

Since gp is uniquely determined hj go = g to infinite order for n odd, it follows 
that for n odd the conformal curvature tensors o for all choices of r and 

So,Sm,Soo are defined and are polynomial natural tensors. However, when n is 
even, one must restrict the orders of differentiation to avoid the indeterminacy of 
gp at order n/2. For n even, the tensor -R^^^^^^^ depends only on g and is a 
natural tensor so long as sm + 2soo < n + 1, where sm, Soo are the cardinalites of 
^M, Soo, resp. If g is Einstein or locally conformally flat, then also for n even the 
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conformal curvature tensors are defined for all choices of r and Sq, Sm, Soo- As will 
be seen below, they all vanish in the locally conformally fiat case. 

Because g changes by a diffeomorphism when g is changed conformally, the 
covariant derivatives Vi? of ambient curvature transform tensorially under con- 
formal change of g. This leads to an explicit identification of the transformation 
laws of the conformal curvature tensors under conformal change. The following is 
Proposition 6.5 of |FG2j . 

Proposition 2.1. Let g and 'g = e'^^g be conformally related metrics on M . Let 
LJKLMi ■ ■ ■ Mr be a list of indices, Sq of which are 0, sm of which correspond to 
M, and Soo of which are oo. If n is even, assume that sm + 2soo < n + 1. Then 
the conformal curvature tensors satisfy the conformal transformation law: 

(2.8) e2(soo ^^'^RjjKL,Mi - l^u\p=0,t=l ~ ^ABCD,Fi---Fr\p=0,t=lP^I ' ' 'P^'' Mri 

where p^i is the matrix 

(1 UJi -\uJkUJ^ 
5", -uo" 
1 

Here the conformal curvature tensor RijKL,Mi - MT\p=o,t=i evaluated for the metric 

'g is denoted RijKL,Mi---Mr\p=Q,t=i- The variables p and t denote the coordinates 
on M_|_ X M X M, thought of as a separate copy from the space for the unhatted 
metric. In 02.91) . indices on uJi are raised using the initial metric g. 

In expanding the right hand side of (12.81) . the leading term arises by replacing 
each p by 5, giving RijKL,Mi-Mr\p=Q,t=i- Because of the upper-triangular form 
of the matrix p"^/, the other terms on the right hand side all involve "earlier" 
conformal curvature tensors in the sense that each 'i' can be replaced only by 
and each oo only by an 'z' or a 0. It is clear that the conformal transformation law 
of a conformal curvature tensor involves only other conformal curvature tensors and 
first derivatives oi uj. In case r = 0, using (12.71) and the fact that Rjjko = 0, one 
sees that (12.81) reproduces the conformal invariance of the Weyl tensor and the usual 
conformal transformation laws of the Cotton and Bach tensors. Equation (12.81) can 
be interpreted as asserting that Vi? \p=o defines a section of the (r -|- 4)-th tensor 
power of the cotractor bundle of the conformal manifold (M, [g]) with a particular 
conformal weight. 

It follows directly from the definition that the conformal curvature tensors all 
vanish if g is fiat. Thus a consequence of (12.81) is that also they all vanish if g is 
locally conformally fiat. By the infinite order invariance of the ambient metric for 
n even in the locally conformally flat case, this is true for all conformal curvature 
tensors in both even and odd dimensions. 

We now define the extended obstruction tensors. 
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Definition 2.2. Let k > 1. Suppose that n is odd or n is even and n > 2{k + 1). 



Define the fc-th extended obstruction tensor fi,-*^"* to be the conformal curvature 
tensor: 



k-l 

(k) 

According to the above discussion, fi,-^- is a polynomial natural tensor of the 
initial metric g. For k = 1, (12. 7p shows that fi-j'* is given by ( ll.Sp . It is clear that 



fij-^'' is symmetric in ij, and it is also trace-free: 

Proposition 2.3. 

is defined, one has 



(k) 

Proposition 2.3. For each k >1 and in all dimensions n as above for which ^lij 



9'^^^ = 0. 

Proof. This is a consequence of the Ricci-flatness of the ambient metric (to the 
appropriate order if n is even). First suppose that n is odd. Since Ric(5') = 0{p°°), 
we have 

(2.10) g''^ RKIJL,Mi-Mr = 

at p = for all choices of KLMi ■■■Mr. Take all of KLMi, ■ ■ ■ to be oo. At 
p = we have 

r = 

The terms in fl2.10p with IJ = Ooo or ooO vanish by skew-symmetry of Rrijl in 
KI and JL. Thus f l2.10p reduces to g^-' Rooijoo,oo...oo = as desired. 

The same argument applies if n is even, so long as one checks that the order 
vanishing of Ric(5') is sufficient to under the restriction n > 2{k + 1). This is 
precisely the statement of Proposition 6.4 of [FG2j . □ 




Since for g locally conformally flat, all conformal curvature tensors are defined 
and vanish whether n is even or odd, in particular it follows that fi-^^ is defined 

and nlj^ = for all k for locally conformally fiat g. This is also true if g is Einstein; 
see Proposition 7.6 of |FG2j . Note that general conformal curvature tensors do not 
vanish for Einstein metrics; for example the Weyl tensor is a conformal curvature 
tensor. For n even and g Einstein, the vanishing of •"''^ is actually the condition 
used to normalize the indeterminacy in the ambient metric; see Proposition 7.7 of 
[FG2] . 

Each obstruction tensor has divergence zero. But this property does not extend 
to the extended obstruction tensors. Already this fails for k = 1: the divergence 
of the Bach tensor is given by -Bj^/ = (n — 4)P^^Cjki. 
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Next we define "higher Cotton tensors", which will enter into the conformal 
transformation law of the extended obstruction tensors. 

Definition 2.4. Let k > 1. Suppose that n is odd or n is even and n > 2{k + 1). 

(k) 

Define the k-th higher Cotton tensor Cl-i by: 




ooijoo, 00...00I ■ 



k-i 



Here all R components are evaluated at p = 0, t = 1. 

For k and n as in Definition [231 C^j! is a polynomial natural tensor of the initial 
metric g. As for the extended obstruction tensors, it is defined and vanishes for all 
k for g Einstein or locally conformally fiat. Equation (12.71) shows that 



The tensors Ciji and C^j] are equivalent; Ciji can be recovered from C^j] by Ciji = 

|Cj^yj]. It is clear that C^j^ is symmetric in ij, and it is also trace-free in these 
indices: 

(k) 

Proposition 2.5. For each k > 1 and in all dimensions n as above for which Cl^l 
is defined, one has 

g^'c^ = 0. 

Proof. The proof is similar to that of Proposition 12.31 Again assume first that n 
is odd. Take K, L, and all but one of the Mg to be 00 in fl2.10p to deduce just as 
in the proof of Proposition 12.31 that g^^ Rooijoo,oo...i...oo = for any location of the 

fc-i 

index I after the comma. The same argument applied to the first term on the right 
hand side in Definition 12.41 shows that at p = and t = 1 we have 

9 Rooij I, Qo^^^^oo ~l~ RooOool , oo^^^oo 0. 
k-1 k-1 

Now (1) of Proposition 6.1 of |FG2] states that 

r 

RlJKO,Mi-Mr = - ^IJKhU.NU ■■■M,--AU 

3 = 1 

at t = 1. Applying this along with the symmetries of R shows that -RooOooi,oo...oo = 

k-1 

-Rooiooo, 00...00 = 0, and the result follows. 

fc-i 

Proposition 6.4 of |FG2j shows that the same argument applies if n is even and 
n>2{k + l). □ 
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We remark that g^^C^^^} = for 1 < A; < 3, but not for k = A. Also, the 

symmetry C^(^^.i-^ = satisfied by C^^} = 2C{ij)i does not hold for C^}. 

A special case of Proposition 12.11 is the conformal tranformation law for the 
extended obstruction tensors: 

Proposition 2.6. Let k > 1. Let n he odd or even with n > 2{k + 1). Under 
a conformal change ^ = e^'^g, the conformally transformed extended obstruction 
tensor is given by: 

e \L^j —^hj + ^ABCD,Fi-Fk-i\p=0,t=lP ooP iP jP ooP oo ' ' ' P oo, 

where p^j is given by {\2.9\i and ^ ' denotes the sum over all indices except for 
ABCDFi ■ ■ ■ Fk-i = ooijcxDoo ■ ■ ■ oo. 

Thus the conformal transformation law of the extended obstruction tensors is 
given explicitly in terms of conformal curvature tensors and first derivatives of 
the conformal factor. For k = 1, this reproduces (12. 5p . By the upper-triangular 
form of p^[, all of the conformal curvature tensors appearing in ^ ' with nonzero 
coefficient are defined if n is even and n > 2{k + 1) . Next we identify the terms in 
the transformation law which are linear in Vuj. 

Proposition 2.7. Let k, n be as in Proposition \2.(A Under conformal change 
g = e^'^g, we have: 

Proof. For a term in ^ ' in Proposition 12.61 to be linear in Vcu, all p's but one must 
be (5, and p°oo terms are excluded. If we suppress writing |p=o,t=i; we obtain: 

^ I Rlijoo,^^^^^ ~\~ Rooij I , oo^^^oo ~l~ -^ooijoo, /oo^ .oo ~l~ ' ' ' ~l~ Rooijoo, co..^oo l^ 
k-l k-l fc-1 

fc-i fe-l 

+ 0(|Va;| 



fc-i 



However, RooOjoo,oo...oo = -RoojOoo,oo...oo = as in the proof of Proposition 12. 5[ and 

fe-i fc-i 

the result follows. □ 

It is possible to view the dimension as a formal parameter and thus regard each 
of the extended obstruction tensors as a natural tensor depending rationally on n; 
see the discussion at the end of §6 of |FG2j (where, however, n is called d). The 
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following result, which is Proposition 6.7 of [FG2] . justifies the name "extended 
obstruction tensor" . 

(k) 

Proposition 2.8. Viewed as a natural tensor rational in the dimension n, Vt]^ 
has a simple pole at n = 2{k + 1) with residue given by 

Res„=2(fc+i) = {-If [^'^'{k - ly]-' O,,, 

where Oij denotes the obstruction tensor in dimension 2{k + 1). 

As noted above, in the transformation law in Proposition [221 all of the conformal 
curvature tensors appearing in ^ ' with nonzero coefficient are regular at n = 
2{k + 1). Therefore, formally taking the residue of this transformation law at n = 
2{k + 1) recovers the conformal invariance of the obstruction tensor in dimension 
2{k + 1). Likewise, for A; > 1 we may consider the behavior as n ^ 21 with 

2 < I < k. It can be shown that fi,-^'' and all the conformal curvature tensors 
appearing in its transformation law have at most simple poles at n = 2k. It is 
possible to justify the relation obtained by formally taking the residue at n = 

(k) 

2k in the transformation law for , this gives the conformal transformation 

(k) 

law of IieSn=2k^ij ■ 1^ general, the order of the poles increases with k — I. For 
example, fi^y has a double pole at n = 4, with leading coefficient a nonzero 
multiple of Bi'^Bkj. In this case, consideration of the coefficient of {n — 4)~^ in the 
transformation law in Proposition 12.61 recovers the conformal invariance of Bi^B^j 
in dimension 4. 

Now we turn to the proof of Theorem 11.21 which asserts that the Taylor coef- 
ficients in the ambient metric expansion can be written in terms of the Schouten 
tensor and the extended obstruction tensors by formulae universal in the dimen- 
sion. 

Proof of Theorem li.M We prove by induction on k a stronger statement holding 
not only at p = 0. Consider a metric g of the form (12.31) . where now gp is any 
smooth 1-parameter family of metrics on M, i.e. we make no assumption that g 
is asymptotically Ricci-flat. For k > 1, define 

A(fc) _ 5 I 

ij -'•'oojjoo, oo^^^^oo |t=l) 

fc-i 

a family of symmetric 2-tensors on M parametrized by p. We claim that for each 
/c > 1, there is a linear combination Q-^^ of partial contractions with respect to 
g~^ of g'p and the A^'\ 1 < I < k — 1, whose coefficients are independent of n, such 
that the identity 



(2.11) 



9^9., = Qi^' (^',A«,...,A('^-^)) 
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holds for all p. Since for 'g asymptotically Ricci-flat, we have g'\p=Q = 2P and 
A*^'^|p=o = ^^''^ (for ^ < "^72 — 1 if n is even), the first statement of Theorem 11.21 
follows upon setting p = 0. 

Case = 1 of fl2.1ip is trivial taking Q\^^ = g[-. For = 2, we use an explicit 

calculation of the component Rooijoo of a metric (12.31) . The Christoffel symbols of 
^ can be written explicitly; see (3.16) of [FG2j . From this it is straightforward to 
calculate the curvature tensor oi'g] see (6.1) of |FG2j . One obtains in particular 

(2-12) Rooijoo\t=i = 2 (y9ij - -j^g^'' g'ikd'ji^ ■ 

Thus 

(2.13) g'r = 2kf^ + ]^g'''g[,g'^i, 

which is a relation of the form (12. lip for k = 2. 

We need a preliminary calculation before proceeding with the induction argu- 
ment. The calculation of the covariant derivative in terms of Christoffel symbols 
gives 

p r) R R F? 

k+1 k k k 

-pA p -pA p 

fe k 

T^A p -pA p 

oooo''^ooijoo,A^^^^ ■ ■ ■ -L oooo-'''00*ioo, oo^^^' 

k k 

Now (3.16) of [FG2j shows that these Christoffel symbols are given by: 

r^^ = for all A 
and _ _ _ 

r° = r' = ifl'^o' r°° = 

^ too loo 2" yimi ^ 100 ^■ 

Therefore 

(2.14) -Rooijoo, oo^^^oo dpRoQijoQ^^^^^Q^ ^g gi-^a^oolj 00, 00^^^^^ 29 9jm-^oailo<^,^^-^^' 

fc+l k k k 

The p derivative commutes with restriction to t = 1, so this can be written in 
terms of the A,-^'* as 

(2.15) dpA^^=A!^^'^+g'-g:^^A^. 

Now we prove that there is an identity of the form fl2.1ip by induction on > 2. 
Suppose that fl2.1ip holds for k. Differentiate this relation with respect to p. 

Each of the summands in Q^j^ is a product of factors g~^, g', and the A*^') for 
1 < / < A; — 1. The derivative of any such factor is again a sum of products of 
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the same form, except that also A'-'^-* can appear. In fact, (g^^)' = —g^^g'g^^, g" 
is given by fl2.13p . and the derivative of a A^'^ by (12.151) . Therefore the Leibnitz 
rule gives a relation of the form ( 12. lip for k + 1. This completes the induction and 
thus also the proof of the first statement of Theorem II. 2[ 

It is easily seen by induction starting with (12.130 and using (12.150 that for /c > 2, 



(fc) ^^^^ ^^^^ ^^^^^^ 

(fc) _ o A (k-i) : 



Q,, has the form 



(2.16) q!^^ = 21^-'^ + ^ {g\ A(i), . . . , A^^''^) , 

OA 

where Q^j is a linear combination of partial contractions of the indicated tensors. 
Thus 

for some Q,, . It follows that 

(2.17) g''d'^g,,\,=o = g-'Qf- {P, ^^'-''^) 

for all > 2 if 72 is odd and for 2 < k < n/2 — lifnis even. However, this 
reasoning does not apply for /c = n/2 if is even, since fi-"'^^"^'' is not defined. 
Nonetheless we claim that this is true also for k = n/2, so that 

(2.18) T^''^ = g'^gf^ 

in Theorem 11.21 To see this, the discussion following (3.16) of |FG2] shows that 
for n even, g^^dp^'^gij\p=Q is determined by the condition -Rqooo = 0{p'^^'^~^). Now 

p 'XU p f^^n^^f? 

-'I'oooo, oo^^^^oo g -'I'oo/ Joo, oo^^^^^ ^ g -'I'OOijOO, oo^^^^oo- 

n/2-2 n/2-2 n/2-2 

Therefore g'^Rooijoo,^^\p=o = if ^oooo = 0(p"/^"^). Hence g'^dp^'^gij\p=o is 

n/2-2 

determined by requiring g^^ aJ"/^ ^^1^=0 = 0. So setting k = n/2 in (|216|) . taking 
the trace, and restricting to p = proves the second statement of Theorem 11.21 
with r^'^) given by (1^35]) . □ 

Equations (12.40 and (\2.Q\\ show that 



Thus r(2) = 2P'^Pij. Formulae for ^fj"^ for A; = 3, 4, 5 are given in (12:221) . 

Proof of Corollary \1.3[ Taylor expanding the square root of the determinant in 
(II. 2p shows that Vk can be written as a linear combination of complete contractions 
of the Taylor coefficients d^gijlp^o for 1 < / < — 1 and also 5'*"'c?p5'jj|p=o- (See 
the end of this section for more details.) Equation (II. 6p shows that d'' gij\p=o for 
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1 < / < A; — 1 involves only the with s < k — 2, and fl2.17p shows that this is 
also the case for fi'*-'c?p5'jj|p=o- n 

Theorem ll.ll implies that for a fixed background metric g, the equation Vk{e^^g) = 
c is second order in the unknown uj, even though for k > 2, Vk{g) depends on deriva- 
tives of g of order up to 2k — 2. It is possible to say more about the form of Vk{e^^g) 
as a function of uj with g fixed. First we show that Q\^^ and Vk have a weighted 
homogeneity with respect their arguments. Consider a constant rescaling 'g = s^g 
with < s G M. The ambient metrics (12. 3p are related by the diffeomorphism 

t = ts~^ , X = X, p = ps'^, 

with 'gp = s^gp. It follows that (9|^jj|^=o = s'^~'^^9^9ij\p=o- Thus if Q\^^ denotes Q\^^ 



,{k) 



evaluated for the metric ^, then 

(2.19) g\f = s^-^'gf^ 

Suppose a term appears in ^j^-* whose homogeneity degrees with respect to P, 

are do, (ii, . . . resp., and let d = J2i=o denote the total 

degree. Such a term necessarily involves d — 1 contractions with respect to g~^. 
By Proposition 12.61 the extended obstruction tensors transform by fi*^'-* = s~^'r2('\ 
and of course P = P and 'g^^ = s^'^g^^. Thus (I2.19P gives 

k-1 

-2{d - 1) + '^{-2l)di = 2 -2k, 
1=1 



or 



k-1 



[2.20) ^{l + l)di = k. 



1=0 

'2k„ 



This same relation holds for terms appearing in Vk since Vk = s and Vk 
involves one more contraction because it is a scalar. Of course, dk-i = for Vk- 



Proof of Theorem\r^ Write Vk{g) = Vk (P, . . . , fi^'^-^^) clS db linear combina- 



tion of complete contractions of P and the fi*^'-' as in Corollary 1 1.3[ The contractions 
which occur all satisfy (I2.20p with dk-i = 0. Collect the contractions according to 
their homogeneity degree m(= do) in P: write 

k 

Vk{g) = Y.^k,m {p,n^'\...,n^'-'^), 

m=0 

where Vk^m is the sum of the contractions which are homogeneous of degree m in P. 
Observe first that Vk,k-i = since there are no solutions to (I2.20p with do = k — 1. 
Next, note that Vk^k depends only on P since d^ = k in (I2.20p forces di = for 
/ > 0. Also, Vk{g) = Vk,kiP) if 9 is conformally flat, since in this case all = 0. 
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Since Vk{g) = (Xkig^^P) for g conformally flat, it follows that Vk,k{P) = ^kig^^P) 
for general g because any symmetric 2-tensor Pij at a point arises as the Schouten 
tensor of some conformally flat metric. Thus 

fc-2 

vk{g) = cTkig-'P) + {P, n'^"-'^) , 

where Vk,m {P, n^''-'^^) is homo geneous of degree m in P. 

Evaluating at 'g gives 

fc-2 

Vkig) = cTkig'^P) + ^ Vk,m, 

m=0 

where Vk,m denotes Vk,m {P, fi^^-*, • • • , fi'-'^"^-*) evaluated for the metric ^, i.e. P and 
the n*^'^ are replaced by P, fi^'^ and the contractions are taken with respect to ^. 
Now ak(g~^P) = e~'^^^ai^{g~^P). If we take into account the scaling of Vk and of 
the n^') as in the proof of (12.201) . it follows that 

%m = e-^'-V,,„ (P, 6^-^(1), . . . , e^C^-^Vf^C^-^)) , 

where on the right hand side, Vk,m {P-, e'^'^Vt^'^\ . . . , e^^^~'^^'^QS^^'^'>^ denotes the sum 

of the contractions with respect to g of the indicated tensors. Each of the e^''^!]*^'-' 
is given by Proposition 12.61 so is a polynomial in Va; with coefficients depending 
on g. So if we set 

r,,™(x, V^, P) = Vfc,„ (P, 6^-^(1), . . . , e^C^-^V^^C^-^) j ^ 

where the x, Vw arguments in r^^rn correspond to the e^'^fi*^^-', . . . , e^'-'^~^'''^f2(^^^) 
arguments in Vk^m and the P arguments correspond on both sides, then „j is a 
polynomial in (Vu;, P) homogeneous of degree m in P, with coefficients depending 
on g. It remains only to bound its degree in Va;. 

Consider the expression of e^^'^fij-^-^ given by Proposition [221 Set ||0|| = 0, ||i|| = 1 
for 1 < z < ||oo|| = 2, and \\AB---C\\ = \\A\\ + ||P|| + • ■ ■ + ||C||. Now p^/ = 
if ||y4|| > ||/|| and p^f is homogeneous of degree ||/|| — \\A\\ in Vcu for ||/|| > \\A\\. 
So the term 

in Proposition 12.61 is of degree < 2/ + 4 — \\ABCDFi ■ ■ -Pi-iH in Vcj. The con- 
formal curvature tensors have the property that Pabcd, - |p=o,t=i = if 
||y4PCZ)Pi ■ • ■ P/_i|| < 3. This is because in this case at most three of the in- 
dices ABCDFi • ■ ■ Pi-i are nonzero; see Proposition 6.1 of [FG2] . Thus e^^^Vt^l 
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is of degree < 21 in 'Vu. If c/i, ■ ■ ■ , dk-2 denote the homogeneity degrees with re- 
spect to ^if, ■ ■ ■ , resp., of a contraction appearing in Vk,m, it follows that 
'fk,m{x, Vuj, P) has degree in Vci; at most 

k-2 fc-2 

^2ldi = 2{k -m-'^di). 

1=1 1=1 

Since do = m < k, fl2.20l) shows that di > for at least one / > 1, giving the 
upper bound 2k — 2m — 2 for the degree of r^^m, as claimed. Clearly, for a specific 
contraction this argument gives a possibly better bound depending on '^iZl di. □ 

It is possible to derive by hand formulae for some of the extended obstruction 
tensors and expressions for ambient metric coefficients and renormalized volume 
coefficients in terms of them. Consider first the extended obstruction tensors. We 
have already seen that fi^^j^ is given by (11.51) . Formulae for higher extended ob- 
struction tensors in terms of the Taylor coefficients dpgp\p=Q of the ambient metric 
may be derived inductively starting with fl2.12p and using (12.141) . For instance, 
flTT^ together with (^IM for = give: 

p — In'" — in" n' ^ -\- In'^^n n' — n' R ^ 

-fl-ooijcOjOO — 2i/ii 2^Hi^3) 4^ yikiJjl yk(i^j)oooo ■ 

g' and g" at p = are given by ([MD and g"'\p=o in (3.18) of jFG2] . Substituting 
these gives 

(^ _ 4)(r2 - 6)filf = Bij/ - 2Wt,jiB'' - APk^B,, 

+ (n - 4) (4P^-'C(i,),,; - 2C\'Ci,k + C^^'C^ui + 2P\,^q,,)' - 21^fc,,,P'=^P™') . 

Carrying out the algorithm by hand to derive the formulae for a few more extended 
obstruction tensors in terms of the d^gij\p=o is manageable; this uses only the form 
(12. 3p of the ambient metric. But deriving formulae for d^pgij\p=Q in terms of the 
curvature of the base metric for > 4 by solving the Einstein equation is more 
lengthy. 

A similar calculation gives the second Cotton tensor 



p=0,t=l 



p=0,t=l 



The Bianchi identity allows this to be rewritten as 

(2.21) ^ijl ^3Pooijoo,/ Roolioo,j ^ooljoo,! 

The covariant derivative can be evaluated using (12. 7p and the formulae for the 
Christoffel symbols ofg given by (3.16) of |FG2j to obtain 

p I _ -^ijil opm^ 

J^ooijoo,l\p=0,t=l ^ ^ '^{ij)m- 
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Substituting this into (12.211) gives the desired formula for Clj/ . 

The proof of Theorem 1 1 . 2 1 gives the algorithm to make explicit the formulae (11.61) 
for the ambient metric coefficients in terms of the Schouten tensor and the extended 
obstruction tensors. This involves the same ingredients as in the derivation of the 
formulae for the extended obstruction tensors discussed above; it is just a matter 
of which set of quantities one is solving for inductively in terms of which others. 
Again, these relations depend only on the form (12. 3p of the ambient metric and not 
on the values of its Taylor coefficients obtained by solving the Einstein equation 
for 'g. 

Set glj^ = dpgij\p=Q. We have already seen that 
Carrying out the algorithm of the proof of Theorem 11.21 one obtains: 

The algorithm also easily gives the leading terms: for > 3 one has 

i^^f = i^Srn 2(fc - i)p\4;r'^ + , 

where J^^"^ is a linear combination of contractions of the tensors P, . . . , Vt^^^^^ 
satisfying (|2:20|) . 

Finally, the renormalized volume coefficients can be calculated from the ambient 
metric coefficients by expanding the volume form. Set D = det Qp/ det^fo- Then 
D' = Dg'^^g[y Successive differentiation of this relation gives formulae for d^pD/D 
in terms of (^"^ and derivatives of g. For example, 

D" = Dg^^c/:^ - Dg^^g^'g',,g[^ + D(jf^g[^. 

The Taylor coefficients of D are then obtained by evaluating these relations at p = 
and substituting the above formulae for the Taylor coefficients of gp. Composing 
with the Taylor expansion of y/x about x = 1 gives the Vk according to (II. 2p . It is 
straightforward but tedious to carry this out. The result for the first few Vk is: 

f 1 =<yi 

f 2 =(72 

^^•^^^ .;3=^3-|tr(PfiW) 

=a4 + |tr (P2fi«) -|(trP)tr (Pfi«) -^tr (p^](2)) -^tr 
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Here we have omitted the argument g of the cxfc. Also omitted are the g ^ 
factors raising the indices in the trace terms. These ak are given by: 

0"! =J 

a2=i(j2-trp2) 

ds =1 (2trp3-3Jtrp2 + j3) 

a4=^ (-6trP'^ + 8JtrP3 + 3(trP2)2-6j2trP2 + J4) , 
where J = trP = R/2{n - 1). 

3. Linearization 

Let X be a manifold-with-boundary and set dX = M. If [g] is a conformal class 
of metrics of signature {p, q) on M, recall that a metric g+ of signature {p + 1, g) 
on X° is said to be conformally compact with conformal infinity (M, [g]) if u^gj^ 
extends smoothly to X with v?gj^\M nondegenerate and v?g+\TM ^ [g\-i where u is 
a defining function for M. The function MM|^2g^|jyj is independent of the choice of 
u] g^ is said to be asymptotically hyperbolic if M^i|^2g^|^ = 1- 

Let g+ be asymptotically hyperbolic and let g he a. choice of metric in the 
conformal class on M. Then there is an open neighborhood of M (= M x {0}) in 
M X [0, oo) on which there is a unique diffeomorphism to a neighborhood of M 
in X such that ip\M is the identity, and such that (p*g-\- takes the form 

(f*g+ = ((ir^ + /i(r)) , 

where h{r) (denoted hr previously) is a 1-parameter family of metrics on M of 
signature {p,q) satisfying h{0) = g. Here r denotes the variable in [0, oo). See §5 
of [GLj. 

Suppose we choose a conformally related metric ^ = e'^'^g, where u G C°^(M). 
Then ^induces another diffeomorphism (f from a neighborhood of M in M x [0, oo) 

to a neighborhood of M in X such that (p*g+ = r"^ (^dr^ + h{r)^, where h{r) is 

a 1-parameter family of metrics on M, satisfying h{0) = 'g, uniquely determined 
by g, and u. Consider the infinitesimal dependence of h{r) on uj. For each 
t, denote by h'^{r) the 1-parameter family of metrics obtained from the conformal 
representative ^* = e^^^g. Let 5 = dt\t=o denote the operation of taking the 
infinitesimal conformal variation. For example, 

6h{r) = dth\r)\t=o. 

We sometimes suppress writing the argument for h{r) and 6h{r); the r dependence 
of h and 6h is to be understood. 

Theorem 3.1. Under infinitesimal conformal change of g, h{r) transforms by: 
(3.1) i5h)i, = u{2 - rdr)hij + 2V(iX,), 
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where X* is the r -dependent family of vector fields on M given by 

(3.2) X\r) = / sh'\s)dsdjUJ. 

Jo 

Here Xj{r) = hij{r)X\r) , and Vi denotes the covariant derivative on M with 
respect to h(r) with r fixed. 

Note in (13.21) that djUJ is independent of r. An immediate consequence of Theo- 
rem [3lT] is the fact that for each r, the transformation rule for infinitesimal confor- 
mal change of h{r) involves at most second derivatives of uo. 

Proof. For each t, we have a diffeomorphism ipt such that i~pt\M is the identity and 
^PIqj^ = r^^ ^dr^ + h\r)^. So 



dr'^ + h{r)\ dr'^ + h\r) 



Differentiate with respect to i at t = to deduce that there is a vector field X 
near M in M x [0, oo) such that X\m = and 

'dr'^ + h\ 5h 



X 



where C denotes the Lie derivative. Expanding the left hand side and then multi- 
plying by gives 

(3.3) - 2r-^X{r) [dr^ + h) + Cx{dr^) + Cxh = 6h. 
Now write X = X^dr + X^di. Then 

X{r) = X° 

Cxidr"^) = 2dX^dr = 2drX^dr'^ + 2diX^dx'dr 

Cxh = (2V(iXj) + X'^drhij) dx'dx^ + 2hijdrX^ drdx\ 

where Xj = hj^X^ and is the covariant derivative on M with respect to h{r) 
with r fixed. Substitute these into (13.31) and then equate the coefficients of dr'^, 
drdx'^ and dx'^dx^ on the two sides of (13.31) . One obtains 

-2r~^X° + 2drX° = 

(3.4) 29iX° + 2hijdrX^ = 
-2r-^X'^hij + 2V(iXj) + X^drhij = 6hij. 

The first equation shows that X^ = or where c is independent of r, i.e. c is just a 
function of x G M. Substitute this into the last equation and evaluate at r = 0. 
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Recalling that X = at r = and 6h = 2ujh = 2ujg at r = 0, one obtains c = —uj. 
So now we know X° = —ur. Substitute this into the second equation to obtain 

Now integrate in r to solve for X*; dju is a constant with respect to the integration. 
Using the initial condition X* = at r = 0, one obtains 

X'= sh'\s)dsdjuj. 
Jo 



Substituting X° = —ur into the third line of (13.41) gives (13. ip . □ 



It is useful to introduce the new variable p = —^r as in ^in the infinitesimal 
transformation law (13.11) . Set g{p) = h{r) (denoted Qp previously) and F*(p) = 
X\r). Then ([3l]), become ([ISD, dtSD- 

Consider now the case where = [dr"^ + h{r)) is a Poincare metric whose 
Taylor expansion (to the appropriate order for n even) is determined along M 
by the choice of an initial metric g via the Einstein equation Ric((7_|_) = —ng^. 
The Taylor coefficients of g{p) are the natural tensors studied in ^ so the Taylor 
expansion of (II. 8p gives the infinitesimal transformation laws of these tensors. For 
example, (11.90 shows that c?pF*|p=o = —g^^djUi, so differentiating (11.80 once at p = 
and recalling (12.40 recovers the infinitesimal transformation law 5Pij = —uJij of the 
Schouten tensor. In general, in (II. Sp the term 2u!{l — pdp)gij encodes the scaling 
of each coefficient and the term 2V(jl^) carries the dependence on derivatives of 
ui. It follows that the infinitesimal transformation laws of all these natural tensors 
(subject to the usual truncation for n even) involves at most second derivatives of 

UJ. 

An easy consequence of Theorem 13.11 is a similar formula for the infinitesimal 
transformation laws of the renormalized volume coefficients. First suppose that g+ 
is asymptotically hyperbolic with conformal infinity (M, [g]) but not necessarily 
asymptotically Einstein, as in the setting of Theorem 13.11 Define v{p) by (11.100 . 

Proposition 3.2. Under infinitesimal conformal change of g{0), v{p) transforms 
by: 

6v = -2updpV + vV\^Y' 
(3 5) I F I 

= -2ujpdpV + Vf ^ [vY') , 

where is given by (II. 9p and V^-^^ is the covariant derivative with respect to g{p) 
with p fixed. 

Proof. Under a conformal tranformation, 5detg{0) = 2nuj det g{0), so 

Sv 

— = Slogv = ^ {g'^gij - 2nLj) . 
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Substitution of (11 .Sp gives 

This gives the first hue of (13. 5p . The second hne follows since vV^^^Y^ = vf*^ (vY^) 
for any vector field Y\ □ 

Proof of Theorem M.^ Take (7+ in Proposition 13.21 to be an asymptotically Einstein 
metric whose Taylor expansion is determined hy g = g{Q). By (11.21) . the coefficient 
of in 5v is 5vk- So taking Taylor coefficients in (13.51) and recalling (11.91) gives 
(II. lip with Lj-^"* given by the first equality of (11.120 . The second equality of (11.121) 
follows upon expanding via the Leibnitz rule. □ 

The fact that the second term on the right hand side of (13.51) is a divergence 
implies that it drops out when considering the infinitesimal conformal change of 
the volume of M relative to the metrics g{p)- Suppose M is compact and set 

r(p)=Vol3(p)(M)= / v{p)dv,^^,y 

J M 

Integration of (13. 5p gives for each p: 



(3.6) 6V = / 6vdvg{Q) = —2 I uopdpV dvg{Q). 

J M Jm 

Taking Taylor coefficients in (13. 6p (or integrating (11.110 over M), it follows that: 

Proposition 3.3. Suppose k > 1 with k < n/2 if n is even, and suppose M is 
compact. Then 

SVkdVq = —2k I VkUJ dVq. 



g — ^ru tyfeuv U,Ug. 

M JM 



Proposition 13.31 is the main ingredient in the proof of the result of Chang- Fang 
[CFj . Consider the functional 



^kig) = / Vkig) dv 



9 



M 



as g varies over a conformal class. J^k is defined for all k > 1 if k is odd and for 
l</c<n/2ifnis even. It was shown in [G] that if n is even, then J^n/2{g) is 
conformally invariant, i.e. is constant on each conformal class. The Chang-Fang 
theorem gives the constrained Euler-Lagrange equation for the other values of k: 

Theorem 3.4. Suppose k > 1 and k < n/2 if n is even. The Euler-Lagrange 
equation for J-'k{g) as g varies over a conformal class, subject to the constraint 
Volg{M) = l,ts Vk{g) = c. 
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Proof. The constrained Euler-Lagrange equation for JF^ is obtained by requiring 
that J^k — X Vol(M) vanishes to first order in uj under a conformal change 'g = e^^g, 
where A is a Lagrange multipher. This is therefore the condition 

(3.7) 5 (-Ffc - A Vol(M)) {g) = for all uj. 

Proposition 13.31 together with the fact that 6 dvg = nuo dvg give 

S^kig) = / {Svk dVg + Vk6 dVg) = {n- 2k) / VkUJ dVg. 

li n = 2k we recover the conformal invariance of Otherwise (13. 7p becomes 

{n — 2k) / VkUJ dVg — nX uj dVg = for all uj, 
Jm Jm 

which gives Vk{g) = nX/{n — 2k) = c. □ 

Thus if we fix a background metric g in the conformal class, then the critical 
points of J^ki^^^g) as a function of uj are those uj for which Vk{e^^g) = c. So we 
recover the second order fully nonlinear operator whose structure was studied in 
^ Its linearization at o; = is of course just 5vk, so Theorem 11.51 gives: 

Proposition 3.5. Suppose k>l with k < n/2 if n is even. LetVk{uj) denote the 
linearization at uj = of the operator uj Vk{e^'^g) with g fixed. Then 

Vk{uj) = Vj (^L'^l-^V juj^ - 2kvkUJ, 

with L^-^-) given by (11.121) . 

In considering (11.121) . recall that gij{p) is the series determined hj g = g{0) 
upon formally solving the Einstein equation Ric(5') = 0. Hence identification of 
d^~^g'^^p=o requires knowledge of the coefficients d^gij\p=o in the ambient metric 
expansion as well as calculation of the Taylor coefficients of the inverse in terms 
of these. In any case, it is clear from Theorem 11.21 and Corollary 11.31 that each 
L^-^^ (with k < n/2 for n even) is a natural tensor which can be written as a linear 
combination of contractions of the Schouten tensor and the extended obstruction 
tensors with coefficients independent of the dimension. 

For small k, it is possible to calculate L*^-^^ from (I1.12p using (I2.22p and (12.23p . 
Alternately, one can simply linearize the explicit expressions (12.231) . In the latter 
approach, one uses from Proposition 13. 51 that Vk is determined once one knows its 
principal part L^('k)- Thus it suffices to calculate the principal part of the lineariza- 
tion from (I2.23p . So in linearizing (12.231) . one can ignore contributions from the 
il^') and simply apply the Leibnitz rule to Pij and use SPij = —ujij. 

Recall that the linearization of ak can be expressed in terms of its polarization. 
If A^j{t) is a 1-parameter family of endomorphisms of a vector space, then the 
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relation 

(3.8) (T,(A)- = tr (r(fe_i)(A)i) 

defines an endomorphism- valued polynomial T(fc_i)(A) homogeneous of degree k — 1 
in A. Let denote the symmetric fc-linear form obtained by complete polar- 
ization of (Tfc, i.e. ak{Ai, . . . , Ak) is linear in each Ai, symmetric, and satisfies 
ak{A, . . . ,A) = ak{A). Then the Leibnitz rule shows that 

tr {T^k_,){A)B)=kak{A,...,A,B). 

In the sequel, our vector space will be equipped with a non-degenerate quadratic 
form which we use to raise and lower indices, and Aij will be symmetric. So we 
will usually write (13.81) in the form 

akiAr=Tii_,^{A)A,. 

The homogeneity of a^. together with 6Pij = —uJij give 

(3.9) 6 {ak{g-'P)) = -Tm{g-'P)u;,, - 2kMg-'P)iJ, 

so that the principal part of the linearization of a^^g^^P) is —T^^^_^-^{g^^ P) . In 
the following, we suppress writing the argument g^^P of T^i^i^ and we write Q^i) 
instead of Either directly linearizing fl2.23p or calculating from (11.121) . one 
obtains: 

g'' 

rpij 

rpij _|_ 
^(2) 3"{1) 

^(3) ~ 3^fc ^^(1) + ^^kl^\l)9 + 3^k + 12^^(2)- 

Recall from the discussion in [|2]that if g is locally conformally fiat, then the Vk 
are defined for all k also for n even, and Vk{g) = a^ig^^P) for all k in all dimensions. 
The invariance of the ambient metric holds to all orders in all dimensions and this 
was the fundamental ingredient used in the proof of Theorem 13. 1[ Thus all the 
arguments and results of this section apply without the restriction k < n/2 for n 
even if g is locally conformally flat. In particular, this gives another argument for 
the variational character of the ak in this case. 

The relations asserted by Theorem 13. H Proposition 13.21 and Theorem 1 1.5 1 are not 
obvious for locally conformally fiat metrics. Equation (12. ip can be written 



^(1) 
^(2) 

^(3) 

rij 
^(4) 



(3.10) 



g,,{p) = gijiO) + 2P,,p + P,kP'jP^. 
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Let us set 'j = g{0) and A = 7 ^P. Then ( I3.10p can be written g{p) = 7(1 + pA)'^. 
Therefore 

(3.11) r g-\u)du= r {I + uA)'^ du -f-^ = p{I + pA)-^ 



JO 



Hence 



dip) f 9 ^{u)du = p-f{I + pA)Y 
Jo 



Comparing with (II. 9p gives 

(3.12) = -p (5/ + pP/) cufc. 

Taking the conformal variation in ( 13.101) yields 

{5g)ij = 2uj-fij - 2uJijp + {~2ujPikP^j - 2uJk{iPj)') P^- 

The fact that this agrees with the right hand side of (II. 8p can be verified using 
(I3.12P and the relation between the Levi-Civita connections of g{p) and 7 derived 
in Lemma 7.3 of ^FG2j . 

Similarly, it can be verified directly that if g is locally conformally flat, then 
(I1.12P reduces to L*^-^^ = —T'^^^_^^ (g^^P) for k < n and to for A; > n, and that (11.111) 

reduces to ( 13. 9p . The identification of the L^-^^ is clearly equivalent to showing that 

v{p) r g^^{u)du = j2Tti)(9''P)p'- 
"^0 k=i 

Now v{p) = det(/ + pA), so ( 13. lip shows that this can be rewritten as 

n-l 

det(/ + pA)iI + pA)-' = Ti^k){A)p\ 

k=0 

It is standard and can be seen in a variety of ways that this is a reformulation of 
the definition of the T(fc)(y4). Thus one concludes that V^^-^ = —T^l_^^{g~^P). 

Finally, (fTTTD reduces to ^M) since Vi (T^l_^.^{g-^P)^ = 0. The fact that 

Vj ^T|?^_^^((7^^P)^ = for locally conformally fiat metrics follows from the van- 
ishing of the Cotton tensor and is essentially equivalent to the variational charac- 
terization of the cTfe. See [V] or |BG] . 

Theorem 13.11 can be used as the basis for another proof of Theorem 11.11 the fact 
that under conformal change, the ambient metric coefficients d^gij\p=Q and the Vk 
depend on at most second derivatives of uj. As observed above, the fact that this 
is true under infinitesimal conformal change is immediate from Theorem 13.11 Thus 
Theorem 11.11 follows if we can prove that the full conformal transformation law 
depends on at most 2 derivatives of the conformal factor, assuming that this is the 
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case for the infinitesimal transformation law. We formulate a general result along 
these lines. 

Consider a polynomial natural tensor T{g) depending on a Riemannian metric 
in dimension n > 2, of contravariant rank a and covariant rank b. T{g) may be 
expressed by evaluating a linear combination of partial contractions of covariant 
indices against contravariant indices of g, g~^, and the covariant derivatives V-R, 
r > 0, of the curvature tensor Roi g. Each such partial contraction can be written 
in the form 

(3.13) pcontr (V'i? (g) ■ ■ ■ O V"i? ®g®---®g®g'^®---® g'^) . 

Our convention is that the curvature tensor R has contravariant rank and co- 
variant rank 4. 

We say that T has homogeneity /i G M if 

We assume throughout that T has a well-defined homogeneity; this is no loss of 
generality since a general natural tensor is the sum of its homogeneous parts in this 
sense and all of our considerations respect homogeneity. If the contraction (13.131) 
has P factors of g, Q factors of g~^, and involves C contractions of a covariant 
index against a contravariant index, then the contravariant rank a, covariant rank 
6, and homogeneity h of the resulting tensor are given by 

a = 2Q-C 

M 

h = AM + ^ri + 2P -C 

i=l 

h = 2{M + P-Q). 

In particular, the quantity 

L = 2M + '^ri = b - a - h 

is determined just by the rank and homogeneity of T. L is called the level of T; it 
is the total number of derivatives of g occuring in T. Clearly L > 0. 

If T has homogeneity h, the full conformal variation AT{g, uj) of T is defined to 

be 

ATig,iu) = e-''-Tie^'^g)-T{g) 

for smooth u. Then AT{g,uj) is a natural tensor depending on g and the scalar 
function u. It can be obtained by evaluating a linear combination of partial con- 
tractions of g, g~^, the V-R for r > 0, and the covariant derivatives V'cj, / > 1, 
of CO with respect to the Levi-Civita connection of g, each contraction of which 
contains at least one of the V'cu. In this discussion we use a slightly modified 
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infinitesimal conformal variation operator 6_ by subtracting the scaling term from 
6. If T is a natural tensor of homogeneity h, define 

ST(g, io) = 4e-''*"r(e'*"(7) = 6T - hooT. 
at t=o 

Then 6T{g,uj) is a natural tensor depending on g and uo\ it is obtained from 
AT{g,u) by keeping only the terms which are linear in the derivatives of uj. It 
is evident that when viewed as a function of g, AT{g,uj) and 6T{g,uj) also have 
homogeneity h: 

AT{e^'^g, 00) = e^'^AT{g, u), ST{e^'^g, 00) = e^'^5T{g, u), T G M. 
We may consider the infinitesimal conformal variation of 5T in g: 



t=o 



The equality of second mixed partials implies that 

(3.14) 6'Tig,u;,T) = 6'T{g,T,Lu). 

Let U {g, u) be a polynomial natural tensor depending on g and uj (for example 
U = 6T or U = AT). For m > 0, we will say that U involves at most m derivatives 
of u if it can be obtained by evaluating a linear combination of partial contractions 
in which only the tensors V'cj, 1 < I < m appear, together with g, g^^, and the 
Vi? for r > 0. 

Proposition 3.6. Let m>0. If 6T involves at mostm derivatives of uj, then the 
same is true for AT. 

The case m = is the well-known statement that if a natural tensor is infinites- 
imally conformally invariant, then it is conformally invariant. The proof in this 
case is simpler than in the case m > 0. Clearly ST involves at most m derivatives 
of UJ if and only if ST involves at most m derivatives of u. 

Proof. The proof is by induction on the level L = h — a — hoiT. First consider 
the case L = 0. If a contraction (I3.13P appears in an expression for T, then the 
relation L = 2M + ^ri forces M = 0. Thus T is a linear combination of partial 
contractions only of g and g~^. Such a T is conformally invariant, so the desired 
conclusion is automatic. 

Assume now that the result is true for natural tensors whose level L satisfies 
L < N for some N > 0. Suppose T{g) is a natural tensor of some homogeneity h 
and level + 1, for which ST{g,uj) involves at most m derivatives of u. We can 
write 

(3.15) STig, ^) = ^n%(^7) + ^m.S'^'ig) + ■■■+ ^n-..™^ST(^?), 

where for 1 < I < m, S(^i){g) is a natural tensor of homogeneity h whose covariant 
rank equals that of T and whose contravariant rank is I more than that of T. Here 
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c^jj...,, denotes the components of V'cj. Since the level of T is 1, it follows that 
the level of S'(i) is + 1 — / < A^. Since for each I, the skew-symmetrization of V'ct; 
in any two indices can be expressed by the Ricci identity in terms of the tensors 
V^uj with 1 < j < I — 2 and the V^-R, it follows inductively that S(^i){g) can be 
taken to be symmetric in the indices ii . . . ii. Under this condition the S(^i){g) are 
uniquely determined. 

We claim that each of the S_S(i){g,u!) involves at most m derivatives of u. To 
see this, take the infinitesimal conformal variation of fl3.15p in g with respect to 
a conformal change = e'^^^g. The infinitesimal conformal variation of the right 
hand side may be calculated via the Leibnitz rule. Each of the terms V'ct; has a 
variation corresponding to the change of the connection. It is clear that S_(V''uj) 
involves at most / derivatives of u and T. Thus it follows that 

S'T{g, uj,T) 

= uaSll^ig, T) + u;,,,,6S'^-{g, T) + ■ ■ ■ + u;.,...US'^;-{9, T) + U{g, u, T), 

where U{g,uj, T) is a natural tensor depending on g, uj, and T which involves at 
most m derivatives of u and T. Using f l3.14p . we obtain 

uj.JSH^ig, T) + oo.^.dS'^'ig, T) + ■ ■ ■ + u;,,...US'^;-{9, V + U{g, oo, T) 

= rasii^ig^oo) + T,,,,6si^^{g,uj) + ... + T,,...,„55;-;-(^7,^), 

where again U involves at most m derivatives of u and T. Since the left hand 
side involves at most m derivatives of u, the same is true of the right hand side. 
Therefore this must also hold for the coefficient of each of the Tj^...jj. Hence each of 
the 6S(^i){g,uj) involves at most m derivatives of a; as claimed. Thus the induction 
hypothesis applies to each of the S(^i){g), and we deduce that for 1 < / < m, 
AS(^i){g,uj) involves at most m derivatives of u. 

Next, recall that AT can be recovered by integrating 6T. To see this, note first 
that 

(JjL (J/O 



ds 

Thus 



3=0 



(3.16) 



^) = e-'-T{e'-g) - T{g) = | {e-''-T{e''^g)) dt 

= ! e-'''''6T{e^"^g,uj)dt. 
Jo 



Apply (13.151) to evaluate 5T{e^^g,uj). The occurrences of V'cij, 1 < / < m on the 
right hand side of (13.151) now have to be evaluated using the Levi-Civita connection 
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of e^^'^g. It is clear that for fixed t, each such evaluation gives rise to a natural 
tensor depending on g and u which involves at most m derivatives of u. Likewise, 
for each t we have 

e-^'-S^i)ie''-g) = S(^i){g) + AS^i)ig,tu;), 

and the right hand side is a family parametrized by t of natural tensors depending 
on g and u which involves at most m derivatives of u. Substituting into (13.161) 
and integrating in t, it follows that AT{g,u) involves at most m derivatives of a;. 
This completes the induction step. □ 
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